The first-order shear deformation beam theory for static and free vibration of axially loaded rectangular functionally graded beams is developed. In this theory, the improved transverse shear stiffness is derived from the in-plane stress and equilibrium equation and thus, associated shear correction factor is then obtained analytically. Equations of motion are derived from the Hamilton's principle. Analytical solutions are presented for simply-supported functionally graded beams. The obtained results are compared with the existing solutions to verify the validity of the developed theory. Effects of the power-law index, material contrast and Poisson's ratio on the displacements, natural frequencies, buckling loads and load-frequency curves as well as corresponding mode shapes are investigated.
Static and free vibration of axially loaded functionally graded beams based on the first-order shear deformation theory
Introduction
Functionally graded (FG) materials are a class of composites that have continuous variation of material properties from one surface to another and thus eliminate the stress concentration found in laminated composites. They are widely used in mechanical, aerospace, nuclear, and civil engineering.
Understanding static and dynamic behaviour of FG beams is of increasing importance. For some practical applications, earlier research on the free vibration characteristics of metallic beams ( [1] , [2] ) has shown that the effects of the axial force on natural frequencies and mode shapes are, in general, much more pronounced than those of the shear deformation and/or rotatory inertia. [25] ). A literature survey on the subject has revealed that studies of static and free vibration of axially loaded rectangular FG beams in a unitary manner are limited. There appear to be few papers that reported on the free vibration of axially loaded FG beams with tapered and non-uniform cross-section. Shahba et al. ([26] - [28] ) studied free vibration and stability of axially FG tapered Euler-Bernoulli and Timoshenko beams by using a finite element approach and by solving analytically the equations of motion. Recently, Huang et al.
( [29] , [30] ) investigated the vibration of axially FG Timoshenko beams with non-uniform cross-section.
Although a large number of studies have been performed on linear analysis of FG beams, in these studies ([6] - [30] ), the shear correction factor is assumed to be constant. In fact, this assumption is only suitable for homogeneous structures. It is no longer constant for FG plates and depends on material property distribution through their thickness ( [31] ). To the best of the authors' knowledge, there is no publication available that deals with the shear correction factor of rectangular FG beams and investigates the effect of improved transverse shear stiffness on their displacements, natural frequencies, buckling loads as well as load-frequency curves in the open literature. This complicated problem is not well-investigated and there is a need for further studies.
In this paper, the first-order shear deformation beam theory (FSBT) for static and free vibration of axially loaded rectangular FG beams is developed. In this theory, the improved transverse shear stiffness is derived from the in-plane stress and equilibrium equation and thus, associated shear correction factor is then obtained analytically. Equations of motion are derived from the Hamilton's principle. Analytical solutions are presented for simply-supported FG beams. The obtained results are compared with the existing solutions to verify the validity of the developed theory. Effects of the power-law index, material contrast and Poisson's ratio on the displacements, natural frequencies, buckling loads and load-frequency curves as well as corresponding mode shapes are investigated.
Theoretical formulation
Consider a FG beam with length L and rectangular cross-section b × h, with b being the width and h being the height. The x-, y-, and z-axes are taken along the length, width, and height of the beam, respectively, as shown in Figure 1 . This FG beam is constituted by a mixture of two constituents, typically ceramic and metal located at the top and bottom surfaces of the beam, respectively. All formulations are performed under the assumption of a linear elastic behaviour and small deformations of materials. The gravity is not taken into account . 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65 
Effective material properties of FG beams
The effective material properties of FG beams are assumed to vary continuously through the beam depth by a power-law as [32] :
where P represents the effective material property such as Young's modulus E, Poisson's ratio ν, and mass density ρ; subscripts m and c represent the metallic and ceramic constituents, respectively;
and p is the power-law index which governs the volume fraction gradation. Figure 2 illustrates the variation of the volume fraction V c through the beam depth for various values of the power-law index p. It can be seen that the V c varies quickly near the lowest surface for p <1 and increases quickly near the top surface for p >1.
Improved transverse shear stiffness of FG beams
The displacement field of the FSBT is given by the following expressions:
where u o and w o are the axial, transverse displacement along the mid-plane of the beam and θ is rotation.
The in-plane strain and stress are in fact related by the constitutive equation:
whereQ 11 (z) is the elastic constant at location z for isotropic materials, which is defined by Young's modulus E(z) and Poisson's ratio ν(z) as:
the axial strain and curvature of the beam, respectively. These components are related with the displacement u o and rotation θ of the beam:
, and the comma indicates partial differentiation with respect to the coordinate subscript that follows.
The generalized stress resultants (N x , M x ) are associated with the in-plane stress σ xx by the global constitutive relations:
where (A, B, D) are the stiffnesses of FG beams, given by:
Unlike for a homogeneous beam, which the coupling stiffness B is null, the B is present in Eq. (5) due to non-symmetrical FG beam. The in-plane strain and curvature are finally expressed by:
where (a, b, d) are the components of the compliance matrix, which can be explicitly calculated in terms ofQ 11 (z). Substituting Eq. (7) into Eq. (4) leads to:
where n(z) and m(z) are the localization components expressed by:
Moreover, it is well known that the using of the constitutive equation for deriving the transverse shear stress is not realistic due to the fact that the shear strain is constant through the beam depth.
Thus, the transverse shear stress should be calculated from the equilibrium equation, σ xx,x + σ xz,z = 0, leading to:
where the integration coefficient is selected to satisfy the boundary condition for the shear stress at the upper and lower faces of the beam. By substituting Eq. (8) into Eq. (10) and using the equilibrium equations of the beam (N x,x = 0 and M x,x − Q x = 0), the following relationship is obtained:
wherem
with
Eq. (12) is obtained due to the in-plane uniform material properties of the beam (n ,x = 0 and m ,x = 0). Practically, Eq. (11) is very often used to estimate the transverse shear stress of homogeneous beams with a quadratic form ofm(z). By considering the balance of the shear deformation energy [33] and taking into account the shear stress defined in Eq. (11), an improved transverse shear stiffness of FG beams can be expressed by:
where
is the shear modulus at location z.
It is well-known that the beam models based on the FSBT require an appropriate shear correction factor to calculate the transverse shear force. For FG beams, this factor is usually taken the five-sixth value as homogeneous ones. However, in this paper, it can be easily obtained from the expression of the transverse shear stiffness as follows:
Eq. (15) shows that the shear correction factor κ depends on the effective material properties and material contrast of the FG beams.
Equations of motion
Equations of motion of the FSBT beams can be derived from Hamilton's principle as follows:
where the over dot indicates partial differentiation with respect to time, q denotes the loading, which is set to zero for buckling and vibration analysis andÑ =N w o,xx is the applied in-plane load, respectively. The inertia terms I 0 , I 1 , I 2 are expressed by:
Substitution of Eq. (5) into Eq. (16) by noticing that Q x = H(w o,x + θ), leads to the equations of motion of the FG beams:
where 
where the operator ∂ indicates the partial differentiation with respect to the coordinate subscript that follows. The system of equations Eq. (18) can be solved with required boundary conditions.
Analytical solution for simply-supported FG beams
The Navier solution procedure is used to obtain the analytical solutions for the simply-supported boundary conditions. For this purpose, the displacement functions are expressed as product of undetermined coefficients and known trigonometric functions to satisfy the governing equations and the conditions at x = 0 and x = L which are given by:
These boundary conditions allow to approximate the rotational and transverse displacements as following expansions:
where ω is the natural frequency, (i)=-1 the imaginary unit, α = rπ/L. The transverse load q is also expanded in Fourier series as:
where q r is the load amplitude given explicitly for uniform distributed load (q = q o ) as follows:
Substituting the Eqs. (21)- (24) into Eq. (18) and assuming that the beam is subjected to in-plane load of form:N = −N 0 , and collecting the the displacements and rotation for any values of r so that U T r ={u r , x r , w r } and Q T r ={0, 0, q r }, the following eigenvalue problem is obtained: 3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64 65
where the mass matrix M is given in Eq. (19), while the components of the stiffness matrix K st and K g associated with U r are explicitly given as follows:
Static analysis
By setting the mass matrix to zero (M=0) and neglecting the in-plane load (K g =0), the static problem can be written as:
Closed-form solution of U r for FG beams under uniform distributed load (q = q o ) can be easily obtained as follows:
Buckling analysis
By setting the loading vector to zero (Q = 0) and the mass matrix to zero (M = 0), the stability problem can be written as the following eigenvalue problem:
To obtain a nontrivial solution, the determinant of the stiffness matrix should be zero, that allows to obtain analytically the critical buckling load as follows:
Free vibration analysis
By setting the loading vector to zero (Q = 0), the dynamic equation can be expressed as the following eigenvalue problem: Eq. (34) is general form for vibration of axially loaded FG beams. In order to obtain the nontrivial solution, the determinant should be zero, i.e.
By solving the achieved equation, the buckling loads, natural frequencies and load-frequency interaction curves as well as corresponding mode shapes of simply-supported FG beams can be derived.
Numerical Examples
In this section, a number of numerical examples are analyzed for verification the accuracy of present study and investigation the displacements, stresses, critical buckling loads, natural frequencies and load-frequency curves as well as corresponding vibration mode shapes of simply-supported FG beams.
Effects of the material contrast in Young's modulus, n = E c /E m , and power-law index p on static and vibration behaviour of FG beams are discussed in details. For convenience, the following nondimensional terms are used, the vertical displacement and stresses of FG beams under the uniformly
and the critical buckling loads, natural frequencies:
as well as the relative error (%):
where P c , P m : the displacement obtained from the present model and from that with the five-sixth shear correction factor.
Results for static analysis
For verification purpose, simply-supported FG beams with two length-to-height ratios, L/h=4 and 16, under the uniform distributed load, q o , are studied. The following material properties are considered [9] : Aluminum (Al) in the upper surface with E m =70GPa, ν m = 0.3 and Zirconia (ZnO 2 ) in the lower surface with E c =200GPa, ν c =0.3. The comparison of the dimensionless maximum displacement of the present model with that of Simsek [9] is reported in 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65 ratio inQ 11 (z) of the constitutive equation (Eq. (4)), the present corresponding model agrees well with his research. It seems that Simsek [9] uses the shear correction factor κ = 1. The effect of Poisson's ratio leads to a decrease of the mid-span transverse displacement. It implies that this ratio should be taken into account for accurate analysis of FG beams. The results obtained from the present model and from that with κ = 5/6 nearly coincide in Table 1 , which means that the effect of the improved shear stiffness on the displacement can be neglected for this material contrast (n = E c /E m =20/7).
The vertical displacements along the beam length are plotted in Figures 3 and 4 . All the displacements decrease with increasing value of the power-law index. Figures 5 and 6 show the variations of axial stressσ xx , and transverse shear stressσ xz through the beam depth. As expected, the traditional linear variation ofσ xx and the symmetric response ofσ xz are observed for homogeneous beams (full ceramic and full metal). The maximum axial stress is located inside the FG beam for p > 1, which is a significant difference from the homogeneous one. Thanks to the smooth variation of the material properties of the FG beam, the axial stress is not zero at the mid-plane, therefore, its neutral plane tends to move towards the lower surface. Besides, the shear stress distributions are greatly influenced by the power-law index, thus, no symmetric response can be seen for the FG beam.
The next example is the same as before except that in this case, the effect of the improved shear stiffness on the vertical displacement is studied. Unless mentioned otherwise, the metal constituent in the lower surface of FG beams in Figure 1 is always assumed to be Aluminum (E m =70GPa) in the following examples. Variation of the shear correction factors, calculated from Eq. (15), with respect to the power-law index p and material contrast n is given in Table 2 The power-law index p = 10 is chosen to show the effect of length-to-height ratios on the mid-span displacement in Figure 8 . The curves are flatter when this ratio is larger than 30, from which there is no significant error in using κ = 5/6.
Results for axial loaded vibration analysis
The comparison of the critical buckling loads of simply-supported FG beams with L/h=5 and 10 between the present model and Li and Batra [20] is reported in Table 3 . FG beams made of aluminum (Tables 2 and 3 ).
In view of comparison studies, the first three natural frequencies of FG beams with L/h=5 and 20 are given in Table 4 To demonstrate the accuracy and validity of the present study further, the first five natural frequencies of FG beams with L/h=5 and 20 are evaluated in Tables 5 and 6 .
It should be noted that in this case only Young's modulus varies through the beam depth while mass density remains constant [18] :
, it is seen from Table 6 Table 5 , especially when the higher modes are considered. On the other hand, the present results seem to be more acceptable, which are very close to those of ([12], [25] ). Through the close correlation observed between the present model and the earlier works, accuracy and adequacy of the present model is again established . 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65 Finally, the effects of the axial force on the natural frequencies are investigated. The first three natural frequencies with and without the effect of the axial force are given in Table 7 . The change of the natural frequencies due to the axial force is significant for all values of power-law index. The natural frequencies diminish as the axial force changes from tension to compression. It implies that the tension force has a stiffening effect while the compressive force has a softening effect on the natural frequencies.
The vibration mode shapes for homogeneous beam (p = 0) and FG beam (p = 5) with L/h=5 under a compressive axial force (N 0 = 0.5N cr ) are illustrated in Figure 9 . Relative measures of the axial, transverse displacements and rotation show that for homogeneous beam, all three mode shapes exhibit double coupled mode (transverse displacement and rotation), whereas, for FG one, they display triply coupled mode (axial, transverse displacement and rotation). The lowest three load-frequency curves for p = 0 and p = 5 are plotted in Figures 10 and 11 . Characteristic of load-frequency curves is that the value of the axial force for which the natural frequency vanishes constitutes the buckling load.
Thus, for p = 5, the first critical buckling occurs at N 0 = 0.395. As a result, the lowest branch vanishes when N 0 is slightly over this value. As the axial force increases, the second, third branch will also disappear when N 0 is slightly over 1.167 and 1.799, respectively. A comprehensive three dimensional interaction diagram of the natural frequencies, axial compressive force and power-law index is plotted in Figure 12 . Three groups of curves are observed. The smallest group is for the first flexural mode and the larger ones are for the second and third flexural mode, respectively.
Conclusions
Static and free vibration of axially loaded rectangular functionally graded beams based on the first-order shear deformation theory are presented. The improved shear stiffness and associated shear correction factors are introduced. Equations of motion are derived from Hamilton's principle. Analytical solutions are obtained for simply-supported functionally graded beams. Effects of the power-law index, material contrast and Poisson's ratio on the displacements, stresses, natural frequencies, critical buckling loads and load-frequency curves as well as corresponding mode shapes are investigated.
The shear correction factor is not the same as the one of the homogeneous beam, it is a function of the power-law index, material contrast. Consequently, that leads to the differences of the displacement, natural frequency and critical buckling load between the present model and others using the five-sixth shear correction factor, especially when high material contrast is considered. The inclusion of the Poisson's ratio effect leads to a decrease on the displacements and an increase on the natural frequencies and buckling loads. The present model is found to be appropriate and efficient in analyzing static and free vibration problem of FG beams 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65 under a constant axial force.
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